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Inversion Height in Free Fields

C. Reutenauer

Abstract. An element of the free field has an inversion height with respect to the subring of
noncommutative polynomials. This inversion height is characterized in terms of the minimal
representation of the element. The inversion height of the entries of the inverse of an n by n
generic matrix is n.

1. Introduction

Free fields are the noncommutative analogue of rational functions fields. The field
of fractions of the ring of commutative polynomials is obtained by adjoining in-
verses of nonzero polynomials; commutativity then implies that this construction
gives an extension field, where each element has the form P/@Q. However, in the
noncommutative case, each element of a free field has a rational expression, which
is a well-formed expression involving noncommutative polynomials, sums, products
and inversions; for example, (z + yz~'2)™! — y~! is a rational expression. While
a commutative fraction P/Q is well-defined if 5 0, a noncommutative rational
expression is well-defined if each inverted subexpression is nonzero. One sees at
once that the naive construction of the free field, by taking the ring of rational
expressions, together with the evident relations EE~! = E~'E = 1, does not
work.

The first construction of the free field was given by Amitsur [1}: he considers
an auxiliary (skew) field D, with [D : Z(D)] = oo and |Z(D)| = oco. Each rational
expression in the noncommutative variables zi,...,%, is, in an obvious way, a
partial function on D™. If the domain of this function is nonempty, the expression
is called nondegenerate. Two nondegenerate expressions are called equivalent if
they agree on the intersection of their domains (which is nonempty). The set of
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equivalence classes is by definition the free field (which does not depend on the
auxiliary field D).

Note that Amitsur also constructs other relatively free fields, relating them to
incidence theorems in projective planes, and Bergman {2, 3] classifies them in con-
nection with polynomial identities in rings.

As shown by Cohn, any free field is universal, in the following sense: consider
the ring k (X) of noncommutative polynomials over the commutative field &, and the
category whose objects are homomorphisms k{X) — D, D a field; the morphisms
between two such objects are specializations D — D', i.e. a homomorphism from a
local subring of D into D' (see [7] p. 388 for exact definitions). Then the free field
is an initial object in this category.

The construction of the free field is not the construction of an extension field
of the ring of noncommutative polynomials k& (X); this ring may be embedded in
infinitely many nonisomorphic fields {13]. But Cohn proves that in the free field,
each full matrix over & (X)) becomes invertible (M € R™*™ is nonfull if M = M M,
My € R"*P M, € RP*™ p < n). This characterizes the free field.

Note that nonfull matrices must be singular in the free field. This is quite
different from the commutative case: there are full matrices over k[z,y, 2] which
are singular in k(z,y, z) (see [7] p. 252).

In order to prove the “full matrix = invertible” property, and to construct the
free field, Cohn defines the fundamental concept of a prime matrix ideal; this is the
analogue of prime ideal in the commutative case, as it allows us to construct all
homomorphisms of a ring into a field (localization). In the noncommutative case,
the prime matrix ideal is the set of square matrices over the ring which becomes
singular under the homomorphism. Then the field elements may be constructed as
the equivalence classes of matrices, with the appropriate operations. For the free
field, one takes the prime matrix ideal of nonfull matrices over k (X); the free field
is the set of entries of inverses of polynomial full matrices [7-9].

See also [15], [20] for noncommutative localization, and [19], where Lewin shows
that the subfield of rational elements in the field of Malcev-Neumann series over
the free group is isomorphic to the free field.

In the commutative case, and more generally, in the flields of fractions of Ore
rings, each element has the form PQ™!. In the noncommutative case, one must
consider expressions like y~ + y~H(z7 27! — y~1)"ry~L. The inversion height
of a rational expression is the maximum number of nested inversions (in the last
example it is 2). Since there are rational identities, e.g. the last expression is equal
to (y — zz)™ !, the height is a nontrivial invariant. Rational identities are studied
in [1-3, 8, 18]. Note that the analogue notion of star height of a language (a subset
of a free monoid) is a classical one, since the article of Eggan [12].

In the commutative case, the height is always 0 or 1. In free fields, the situation
is radically different, and it is the first scope of this paper to answer the following
question, raised by I. M. Gelfand: show that there are elements of arbitrary inver-
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sion height. Equivalently, the quasi-determinants of a generic matrix of order n, as
introduced by Gelfand and Retakh [16], have inversion height n — 1. As pointed
out by Gelfand, the importance of the inversion height, besides being an invariant
of elements of the free field, is that it is also an invariant of extensions ring C field.
If the ring is Ore, it equals 1, while we show here that for the extension free ring
C free field, it is infinite. It would be interesting to know if there are intermediate
cases; also, if height 1 does or does not imply the Ore condition.

Coming back to Cohn’s construction of the free field, each element f of the

latter is a component f = f; of the solution (fi,..., fs) of some linear equation
over k (X},
> piti = (*)
j=1

with p;;, v; € k(X) and a full matrix (p;;). Equivalently, f appears in the inverse
of some full noncommutative polynomial matrix. This idea of inverting matrices,
rather than elements, goes back to Schiitzenberger [22] in his study of noncommu-
tative rational series and his generalization of Kleene’s theorem in automata theory.
Cohn calls depth of f the smallest possible n for f, satisfying (x). This is an in-
variant which is different from the height: one has height < depth, since in order
to solve (x) one has to perform not more than n nested inversions; however, as
shown in [7] Proposition 7.7.7, the element z;* + -+ + z;;! has depth n, and has
clearly height 1. Another invariant is provided in {10}: indeed, by the Higman trick
of linearization by enlargement, one may suppose that in (x) the p;; are of degree
< 1, and the v; of degree < 0. This situation is studied in {10], and the smallest
n in such a “linear” system (x) for f is the rank of f. It is so-called since for a
rational series P/Q = > ., 0nz” (an € k), it is the rank of its Hankel matrix,
or the shortest length of a linear recursion for (a,); the Hankel matrix approach
has been extended to the noncommutative series in [14]. One has height < depth
< rank, and one can have polynomials (of depth 1} which have an arbitrary large
rank.

The importance of linear systems (%) with the previous degree condition comes
from the fact that when n = rank of f, the system is unique, up to scalar change
of variables and scalar operations on the equations. This gives a normal form for
elements of the free field, called the minimal representation [10].

The main result (Theorem 2.2) of the present paper gives a characterization
of the inversion height of an element f of the free field, in terms of a property
of some of its minimal representations. This property is that the matrix of (x)
has some structure of 0’s; for example, height 0 corresponds to a strictly triangu-
lar matrix, height 1 to a triangular submatrix when some row and some column
have been removed, or to a triangular block form with diagonal blocs of this kind
(see (2.1) & (2.2} for a precise definition). While it is not too difficult to show
that an element f of a given height has always a representation with the desired
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property, it is not clear why there should be also such a minimal representation
for f. This is however necessary to deduce the star height of some given element,
like the quasi-determinant. The key Lemma 3.4 shows that the structure of 0’s is
inherited by some minimal representation. Then we can deduce Theorem 2.1: the
height of any entry of the inverse of a generic n by n matrix is n.

We reduce the problem of the inversion height to a similar problem for the
noncommutative series, using the specialization lemma [7], which allows a “change
of origin”, so that a given rational expression represents a series. Then we use
some techniques of [10], close to the techniques for rational languages and rational
series [4], to prove the theorem for series. The key lemma is Lemma 3.4, which
shows that the structure of 0’s is inherited by stable subspaces; this lemma has
no analogue in the boolean case (languages and automata); hence the situation is
quite different for series {and the free field), and in some sense simpler than in
the boolean case (see the discussion in Sect. 5.2). In the last section, we give an
example of an element in a free field over R, which has height 2 over R, and height
1 over C. Hence the height also depends on the arithmetic of the ground field.

2. Main results

The free associative algebra k (X) on the finite set X of noncommuting variables
over the commutative field k is a fir (free ideal ring) and, as such, admits a universal
field of fractions, denoted by k<X and called free field. It may be characterized by
the fact that the embedding & (X) — k<X is honest, i.e. preserves full matrices
(a matrix M € R™"*™ R aring, is full if there is no factorization M = PQ, with
P € R™P and Q € RP*™ and p < n); in other words, each full matrix over k (X)
becomes invertible in k<X}. For this and related results, see [7].

The free field is generated as a field by &k (X). Each element in it admits a
rational ezpression, which is a well-formed expression involving elements of k (X
and the operations: sum, product, inversion. The inversion height of a rational
expression is the maximum number of nested inversions in it. For example, the
rational expression (1 — 213 — z12(1 — To2) " lz21)” ! has inversion height 2. The
inversion height of an element in the free field is the smallest inversion height of its
rational expressions. Equivalently, it has inversion height 0 if it is in & (X); and for
n > 1, it has inversion height < n, if it belongs to the subring of k<X generated
by elements of inversion height < n — 1 and their inverses.

A generic matrix is a matrix of the form (z;;), where the z;;’s are distinct
noncommuting variables in X. If square, it is a full matrix (otherwise no matrix is
full}, hence it is invertible in the free field. We want to prove

Theorem 2.1. Each entry of the inverse in the free field of an n by n generic
matriz is of inversion height n.

Equivalently, if one solves a system of n linear equations in n unknowns over a
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(noncommutative) field, in general, one has to perform n nested inversions. The
fact that the entry considered in Theorem 2.1 has inversion height < n is well-
known. It is the converse which we must prove: it seems intuitively clear, but it
does not have an immediate proof, since an element of the free field may admit
many different rational expressions.

We shall deduce Theorem 2.1 from a result characterizing inversion height. For
this we work in a wider context, and let D be a field with center k. The free tensor
ring Dy (X) (generalizing k (X)) is the free product over k of k£ (X) and D. Like
k(X}), it is a fir (free ideal ring) and has a universal field of fractions Dy <X},
Each element f in k<X admits a representation, that is, a triple (\, M,~), where
A€ DY v € D™ and M is a full matrix in Dy (X )™*", each entry of which
is of X-degree < 1, such that f = AM 1y holds in the free field Dy<X). Such a
representation is called minimal if n is minimal among all representations of the
given element f € Dy <X). For these results, see [10].

Before stating our characterization of inversion height, we need two more defi-
nitions.

Let M € K'*! be an invertible matrix over K, where I is a totally ordered
finite set (if I = {1,...,n}, we take the natural order). Associate to it the system
of |1} linear equations in |I| variables z;, 7 € I:

Zmij:vj = Y, iE[,

Jer
where the «y; are in K. We say that M is canonically invertible if one can solve
this system by the substitution method, by expressing the variable zy, & = max(I},
using the k-th equation, substituting it into the other equations, and continuing in
this way with the new system, corresponding to a matrix in K7\¥*I\k (this means
that my, # 0, and so on recursively). Observe that this definition does not depend

on the ;. This means that M represents a noncommutative flag in general position,
according to the theory of Gelfand-Retakh [16].

We say that M has a height structure of height < £ if there is a function
h:I—{0,1,...,£} such that:
If h(i) =0, then my; = 1 and m;; = 0 for § > 4. (2.1)
If A(7) > 1, let n(3) = min{j > i{h(j) > h(i)}. Then m;; =0
for j > n(i) (if n(2) does not exist, we put n{i) = co and the
last condition is empty). (2.2)
Theorem 2.2. Let D be a field with infinite center k, and of infinite dimension
over k. An element of the free field Dy<X» has inversion height < £ if and only

if it admits o minimal representation (X, M,~), where M is canonically invertible
and has a height structure of height < £.

We show how Theorem 2.1 can be deduced from Theorem 2.2. The latter will
be proved in Section 4, after the proof of a similar result for rational series.
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Proof of Theorem 2.1. Let M = (z;;) be an n by n generic matrix, and suppose
that some entry f of M ™! in k<X has inversion height <n — 1.

If ¥ C k' is a commutative field extension, then by [8], k<X is embedded in
k' €X¥; the height inversion does not increase, so we may assume that k is infinite.

Similarly, let D be a field with center k such that [D : k] = co. Then, by [8],
k<X} is embedded in D, <X, and the inversion height does not increase. Hence
the element f € Dy<€X) has a minimal representation having the property of
Theorem 2.2 with £ =n — 1.

Note that f has a representation (A, M,~y), with A,~ appropriately chosen. If
NM~4" = 0, where X, are over D, then we must have \' = 0 or 7 = 0,
since M is generic. This shows that the left and right families of the representation
(A, M,~) are independent over D, and hence that this representation is minimal [10]
(Cor. 4.2).

Now, each minimal representation of f is by [10] (Theorem 4.1) of the form
(AP, QM P, Q7y), for some invertible matrices P, @ in D"*™. Hence M' = QMP
has a height structure of height < n — 1. Suppose that there exists 1 <1 < j < n
with A(i) < h(j). Then by (2.2), we have n(i) < j, hence we must have mj; = 0.

If such 4, j do not exist, we must have h(i) = n — i, and in particular, h(n) = 0.
Hence by (2.1), m}, = 1.

In both cases, we find that some entry of QM P is constant; this is impossible,
since (), P are invertible and M generic. O

3. Series

We consider here a field D with central subfield k. Denote by Dy ({X)) the tensor
power series ring, that is, the completion of Dy (X)) under the X-adic topology. A
series (i.e. an element of D (X)) is called rational if it belongs to the least subring
of D {{X)) which contains Dy(X) and is closed under inversion. Since a series
is invertible if and only if its constant terms (in D) is nonzero, we may replace
inversion by the star operation: f* =3 o, f" = (1~ )7, defined when f is
proper, i.e. has constant term 0. B

Rational expressions (involving star instead of inversion) and star height are
defined appropriately (see also [4] p. 95 for an alternative definition of the star
height). Similarly, a representation of a series f is a triple (A, 1 — M,~), where
A€ DYy € D™ and M is a matrix in Dg(X)"*", all entries of which are
homogeneous of X-degree 1, such that the equality f = AM*y = A(1— M)~ v holds
in Dy {{X)). A minimal representation of f is a representation with n minimal. A
series is rational if and only if it admits a representation {10].

Theorem 3.1. Let D be a field with central subfield k. A rational series in
Dy (X)) has star height < { if and only if it admits a minimal representation
(M1 M,v) such that 1 — M has a height structure of height < {.
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The condition of canonical invertibility of 1 — M is not needed here, unlike
Theorem 2.2; this is because, M being proper, 1—M is always canonically invertible.

We shall prove only the implication: star height < £ = height structure of height
£. For the converse, one can either mimick the proof of the converse of Theorem 2.2
(see Lemma 4.2) by observing that one inverts at each step only invertible series,
or follow the boolean case (star height of rational languages); we give a brief hint
for the latter.

To an n by n matrix M associate the directed graph G whose vertices are
1,2,...,n such that there is an edge ¢ — j if m;; # 0. Then 1 — M has a height
structure of height < £if and only if G has loop complexity < £ {(up to a permutation
of the vertices); recall that the loop complexity [12] is defined as follows: G has
£.c. 0 if there is not infinite path in G; G has £.c. < £ if in each strongly connected
component G’ of (G, one can remove a certain vertex 7, such that the graph G’ \ 4
(obtained by removing in G’ the edges incident to ¢) has £.c. < £ — 1. Since the
entry (z,7) of M* may be viewed as the sum of all paths from i to j in G, one can
show that if G as f.c. </, then each entry of M ™ has star height < £; see Figure 3.1
and 3.2, where we give the (1,1) entry of M*, and compare to {12].

1y iz Mi3

M = ma1 0 0
mg mzz 0
1 — M has height structure < 1

(ma1 +myzmsy +mismaamar +miama)”

cycle rank 1
Figure 3.1

M= (mu mn)
RN M2t oz
C@\/@ O 1~ M has height structure < 2

* *
(m11 + miamiymen )
cycle rank 2

Figure 3.2
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We proceed now to the proof of the nontrivial part of Theorem 3.1. We need to
recall from [10] the notion of (left) transduction. Let (uq)aea a k-basis of D. Bach
element f in Dp({X)) has a unigue expansion

f= g Bz, .o T g, 00, O U Ty Uy - - - Ty, s
n>0
@0, CA
Tl €X

where the #’s are in k. Then (usz) 1 f is, for a € A and z € X, defined by

(uqx) ™ f = Z Bz, 21, Tn Aoy e o O U T1 Uy - - - Epla, -
n>0

®g,..,0n €A
ETEE an €X

Equivalently, the operator (u,z) " is k-linear and continuous, and maps the “mono-
mial” Ug,T1Uay - - - Tnle, ONLO Ug T2 ...Tplq, fn > 1, ag = o and 2, =z, and
onto 0 otherwise.

The operators f — (uqz) 7L f are called left transductions. A series f is rational
if and only if it belongs to a finite dimensional left D-subspace of Dp(X}), closed
under all left transductions. The smallest such subspace is denoted by L(f); see [10].

Let V be a finite dimensional left D-vector space, together with a set E of k-
endomorphisms. A height basis for E in V is a totally ordered basis S of V' (as
D-space), together with a function h : S — N, v+~ h(v) (the height of v) such that
for any e in E, any v in § and any d in D:

If A{v) = 0, then (dv)e is a D-linear combination of v’ in S
with v" < v. (3.1)

If h{v) > 1, let n(v) (the next of v) be the smallest v' > v
such that h(v') > A(v) (if no such v’ exists, we put n(v) = o
and the following condition is empty); then (dv)e is a D-linear
combination of v’ in S with v’ < n(v). (3.2)

Note that we always have v < n(v). The height of the height basis is max{h(v)|
veV}i
The relevance of the notion of height basis to our problem is given by

Lemma 3.2. Let f be a rational series in Dp((X)) and suppose that L(f) has a
height basis of height < £ with respect to the set of all left transductions. Then f
has a minimal representation (A, 1 — M,~) such that 1 — M has a height structure
of height </

Proof. Following [10], a minimal representation for f is obtained as follows: let
fi,--., fn be a D-basis of L{f); let A1,..., An, dazirjs Yis--->¥n in D be such
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that f = 3, cicn Nifir (0a®) ™ fi = 31 cjcn daa,igfis 7 = constant term of f;.
And define M by m;; = Za,z UaTdy ., (Which is actually a finite sum). Then
(A, 1— M,~) is a minimal representation.

Now, if L(f) has a height basis of height < ¢, we may suppose that it is
f1s--+, fn, naturally ordered. Put h(i) = h(f;).

If (i) = 0, then (uaz)™1f; is a D-linear combination of f; with j < 4; hence
o z,iy =01if §j > ¢, and so my; = 0if j > 4.

If h(i) > 0, then (uqz) ™ f; is a D-linear combination of f; with j < n{i) = n(f;).
Hence dg 4, = 0 if § > n(i), and my; = 0 if j > n(i).

This shows that 1 — M (and not M!) has a height structure of height < ¢. O

We prove now the key result of this paper: if a space V' has a height basis for
a set of endomorphisms F, then each subspace stable under E also has one. We
begin by a technical lemma, which is proved by a Gauss—Jordan like algorithm.

Lemma 3.3. Let V be a left D-space with a totally ordered finite basis S. If v =
Yowes Gww (dw € D), let supp (v) = {w € S|dy # 0}. Let £(v) = max(supp (v)) be
the leading term of v, if v # 0. Moreover, let ¢ : V \ {0} — S be a function such
that c(v) € supp(v).

Let W be a D-subspace of V. There exists a basis T of W such that:

The £(v), v € T, are all distinct; (3.3)

If w, w' € T and £(w') > {(w), then c(w) ¢ supp (w'). (3.4)
In particular the c(w), w € T, are all distinct.

Proof. 1t is clagsical that we may find T satisfying (3.3). We now modify T in order
that it also satisfies (3.4).

Order T according to the leading terms of its elements. We show that for each
initial segment 7" of T', we can modify T so that (3.3) is satisfied and that for each
win T and w' in T with w’ > w, c(w) ¢ supp (w').

This is surely true for 7% = §. Suppose it is true for some 7", and let w, =
min(T\7T'). fw € T\T and w # w,, we may find d(w') € D such that
c(w,) ¢ supp (w' —d(w')w,). We have {{w') = (w' —d(w")w,), since L{w,) < £(w').
Furthermore, if w € 1", then c(w) ¢ supp(w,) and c¢(w) ¢ supp (w'), by the
induction hypothesis, hence c(w) ¢ supp (w' — d{w')w,).

This concludes the induction step, by replacing T by T” U {w,} U {w' —
dw"w,lw' € T\T', w' # w,} and T’ by T' U {w,}. So, we find at the end
of the induction, T' = T', which therefore satisfies (3.3) and (3.4).

Now, if w, w' € T and #(w) < {(w'), we have c(w) ¢ supp (w'); hence c(w) #
c(w") because c(w') € supp(w’). This shows that the c(w), w € T, are all dis-
tinct. J

We come now to the key lemma.
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Lemma 3.4. Let V have a height basis S for E of height < £. Let W be a D-
subspace of V', stable under the action of E. Then W has a height basis for E of
height < £.

Proof. We define a function ¢ : V'\ {0} — S such that ¢(v) € supp (v), and then
apply Lemma 3.3.

We call v in 9 appearingin w € V (l.e. v € supp (w)) semi-critical if v = {{w)
or if A{v) > 1 and #(w) < n(v). Among these semi-critical elements of w, we call
eritical element, denoted by c{w), the one of greatest height; this is well-defined:
indeed, let vy, vy be semi-critical in w and have the same height. Then either
h{v1) = h(vs) = 0, hence vy = £{w) = vy. Or h{v1) = h({vs) > 1; if for example
vy < v, then n(v1) < vg by (3.2), hence £(w) < n(v1) < vz < £(w), a contradiction.
Thus semi-critical elements in w have distinct heights, and the critical element ¢(w)
is well-defined.

Apply now Lemma 3.3, and let 7' be the corresponding basis of W. Then by
triangularity

YoeS, YweW, f(w) <v=>we Y Dt (3.5)
£ty<v
teT

We now order T' by the rule
w<w if e(w) < c(w'). (3.6)

This is a well-defined total order on T since the c(w) are all distinct by Lemma 3.3.
Moreover let the height function hy on 7' be defined by

hr(w) = hie(w)).

We denote by nr the nest function on 7', i.e. ny(w) = min{w' € Thr(w") > hr(w)
and w' > yw} € T U {oo}, see (3.2).

We now show that T is a height bagsis in W for E. Let w € T, e € E and
d € D. If hp{w) = 0, then h(c(w)) = 0 and hence £(w) = c(w), since a semi-critical
element in w, distinct from £{w), must be of height > 1; moreover, if v € S appears
in w and is of height > 1, then it is not semi-critical (otherwise, h(c(w)) > 1},
hence n(v) < £{w). This shows by (3.1) and (3.2) that

(dwye = | d Z dyv e
vES
v<f{w)

is a D-linear combination of v in S with v < £(w). Hence, by (3.5) and stability
of W, it is a D-linear combination of ¢t € T' with £(t) < £{w). For such a t, we
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have ¢(t) < £(t) < £(w) = c(w), hence by (3.6), t < rw. Thus (dw)e is a D-linear
combination of ¢t in T with ¢ < 7w, and (3.1) is satisfied for T

Suppose now that hp{w) = h{c{w)) > 1. We claim that (dw)e is a D-linear
combination of v in S with v < n(c(w)). Take this for granted, for a while. Then,
by (3.5}, (dw)e is a D-linear combination of ¢ in T with £(t) < n{c(w)).

Let wy = ny(w): if wy = oo, there is nothing to prove, so assume wy € T'. Then
h{clwr)) = hr{wy) > hr(w) = h{c(w)). Moreover, w < pw;, so that ¢{w) < cluwy).
Thus n{c(w)) < e(un). If ¢ as above satisfies £(t) < n(c(w)), then ¢(t) < £(t) <

n{c(w)} < e(w): hence ¢ < 7wy by (3.6). This shows that (dw)e is a D-linear
combination of ¢ in T with ¢ < pny(w) and proves (3.2) for T

It remains to prove the claim: by (3.1) and (3.2), (dw)e is surely a linear com-

bination of v in S with

v < max ({u’!v' € supp (w) and
R(v') =0} U {n(")|v' € supp (w) and

h(v') > 1}).

It is enough to show that each element of the above set is < n(c{w)). We may
suppose that n(c(w)) # oo. If v/ € supp (w) and h(v’) = 0, then v/ < f{w) <
n{c(w)), since c(w) is semi-critical. Suppose now that v’ € supp (w) and A(v') > 1:
then either v’ is not semi-critical and then n(v') < £{w) < n(c(w)) (since ¢(w) is
semi-critical); or v’ is semi-critical and we have h(v') < h{c{w)), and we have 3
cases (in case (i) and (iii), v' # ¢(w), hence h(v') < h{c(w))):

(i) v' = c(w): then n(v') = n(c(w));
(i) c(w) < v'r then A(v') < hlc(w)) < h(n{c(w))), v' < L{w) < nle{w)), which
implies n{v") < n(c(w)).
(iil) v" < c(w): then h{(v'} < h(c(w)) implies n{v') < c(w), a contradiction
because £{w) < n{v') (v being semi-critical and # £(w), since v' < c(w) <
£{w)). This case does not occur.

This proves the claim and the lemma.
We need the foHowing lemma.

Lemma 3.5. If f € Di{({X)) has star height < £, then there exists o finite dimen-
sional left D-subspace V of Dy {{X)), containing f, closed under left transductions,
which has o height basis S of height < £ for the set of left transductions.

Before proving the lemma, we slightly generalize the notion of height basis, and
then show that it is not a real generalization.

Let V be a finite dimensional left D-space and E a set of k-endomorphisms. A
height family for I is a family S = (v;);er, spanning V as D-space, with I totally
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ordered and finite, and a function h : I — N such that for any ¢in I, din D and e
in E:
If h(i) = 0, then (dv;)e is a D-linear combination of v; with

J <1. (3.7)
If h(¢) > 1, let n(i) = min{j|j > ¢, h(j) > h(z)}. Then (dv;)e
is a D-linear combination of v; with j < n(%). (3.8)

The height of the family is the maximum of A(7), ¢ € .

Lemma 3.6. IfV has o height family for E of height < £, then V' has height basis
for E of height < £.

Proof. 1. Let S = (v;)ses be the height family. If there is a D-linear combination
between the elements of S, we may write it in the form () v, = 37, djv;, with
d;j € D. Consider I' = I'\ {k}. Then S’ = (v;);cr spans V. We verify that it is a
height family, with A’ = h|I’, with the induced order, and of height < £.

2. Let i € I'U {o0}. Note that each D-linear combination of v; with j < 7 is
equal to a linear combination of v; in S’ with j € I’ and j < 4. Indeed, if v, does
not appear in this linear combination, this is clear. And if v, appears, then we must
have » < i and we replace v, by the right-hand side of (%), where only vectors v,
with j € I’ and 7 < r < { appear.

3. Let ¢ € I', of height 0. Then (dv;)e is a D-linear combination of v; with
j <4; by (2), it is also a linear combination of v; with j € I' and j < 1.

4. Let i € I', of height > 1. Let n'(i) be the next of ¢ in the system S’. Then
n'(i) > n(i). Hence (dv;)e is a D-linear combination of v; with j < n'(¢). By (2),
it is also a linear combination of v; with j € I' and j < n'(i).

5. By removing from S unnecessary vectors, we finally arrive at a height family
of height < £, which is a basis of V. ]

Proof of Lemma 3.5. (induction on the size of the rational expression). By
Lemma 3.6, is enough to construct a height family.

Suppose that f has star height 0. Then f € Dy(X) and it is a k-linear com-
bination of monomials g, L1Uqy, - - - Enlle, . Consider these monomials, and those
obtained by suppressing ua, 1, and so on: this is a finite number of monomials.
Order them with an order compatible with the X-degree. This gives the desired
height family of height 0, and the space V spanned by it.

Suppose now that f = f1 + fo, where fi, fo have star height < £. Let Vi, V3,
Si, Ss, I, I, be the corresponding spaces, height families of height < £ and set
of indices. Let V' = Vi + V5, § = 51 U Sy, where the set { of indices is [; U Iy
(disjoint union) ordered by I; < I, and by the orders of Iy and I,. Extend the
height function to I; U Io. Then V, S are as desired.

Suppose now that f = fof;, where fi, f> have star height < £. We then take
VaVofi +Vi, 8 =8f1US:1, I =1 UL, with the same height function and order
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as before. Then S spans V as left D-space. Moreover, if g € V5 and d € D, we
have (u,7) (dgf1) = (uaz) 1 (dg) - fr + (uaz)~1(d f1), where d' is the constant
term of dg. This shows that S is a height family.

Suppose now that f = f7, where f; is of star height < £ -1, and f; is proper.
Let V=Df+WVif, S = {fU{{g—ctlg))flg € Si}, where ct(g) is the constant term
of g, and I = {w}Ul, ordered by w < I and the order of I;. Then S spans V as D-
space, since S spans Vi. We extend the height function to I by A(w) = £. We have
for d € D, (ua2) " (df) = (ua@) " (df}) = (waw) ~ (d+dfy f7) = (uaz) M (df)- 7 =
(uax)~(df1) - f, since f; has zero constant term.

Moreover, if g € 81, (1a2) ™ (d(g — ct(9))f) = (1az)~*(d(g — ct(g))) - £ (since
g — ct(g) has no constant term) = (u,z)~1(dg) - f; (uaz) 1 (dg) is a D-linear combi-
nation of g’ in Sy, hence (uqz) "1 (dg) - f is the corresponding linear corbination of
(g — ct{g')) f, plus some D-multiple of f. This shows that S is a height family. O

Theorem 3.1 is now a consequence of all the lemmas: if f has star height < /,
then by Lemma 3.5 and 3.6, f belongs to a finite dimensional D-subspace V of
D ({X}), closed under left transductions and with a height basis of height < £ for
the set of left transductions. Then by Lemma 3.4, L{f) has such a basis, and by
Lemma 3.2, f hag a minimal representation (A,1 — M,~) such that 1 — M has a
height structure of height < /¢

4. Proof of Theorem 2.2

There is a canonical embedding D <X}» — Dy <<X}}, the universal field of frac-
tions of the tensor series ring Dy {{X)}, see [10]. Let f € D, <X> have inversion
height < £. Then, by Cohn’s specialization lemma, we may find a translation
T — T+ ap with o, € D, such that the corresponding rational expression for
f' = f{z + o) defines an element of Dy {{X)), necessarily rational; more precisely,
for each inverted subexpression, the latter is a series in Dy ({X)) with nonzero
constant term; see [8].

Now, we replace in the rational expression F for f’' each inversion by a star
operation, by performing from inside to outside the following operation: if this
operation has already been performed on expression E', which is inverted in F
(ie. E''is a subexpression of E), then E' is a sum of products of the form
doFErdy ... Endy, d; € D where each E; is either proper (i.e. represents a proper
series), or of the form E; = F}, F; proper; by replacing F} by 1 + F;F, we may
assume that each such product is in D (i.e. n = 0), or involves at least one proper
expression; so the constant term of E’ is the sum d of these products which are
inD: E =d-E", E" proper. Note that d must be nonzero. We then write
(E')"l — (d(l _ d—lE//))—-l — (d‘lE”)*d_l.

Thus we see that f' is a rational series of star height < £. By Theorem 3.1, f' has
a minimal representation (A, 1 — M, ~) where 1 — M has a height structure of height
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< £. Observe that 1— M is canonically solvable, since M is a matrix in D (X} with O
constant term. Now, by [10] Proposition 2.10 and Corollary 4.2, this representation
is also minimal for f’ considered as an element of Dy <X}. Applying the inverse
translation £ = = — @, we find that f has the required minimal representation:
indeed, canonical invertibility is not changed by applying an automorphism, and
similarly for the height structure.

We prove now the converse of Theorem 2.2. It will be a consequence of the two
next lemmas.

Lemma 4.1. Let M = (é g) be an invertible n by n matriz over a field K,

with A, D square and A p by p.

() If M is canonically invertible, so is D. If moreover B = 0, then A is
canonically invertible.

(ii) If M has a height structure of height < {, then A and D have a height
structure of height < max{h(i)|1 < i < p} and max{h(i)lp < i < n}
respectively.

(i) If one solves canonically the system } ..,miz; = Vi ¢ € I (with [ =
{1,...,n}), then one works successively with x,,2n_1,...,Tp+1. Hence one works
in the subsystem corresponding to D, which is therefore canonically invertible.

If now B = 0, then in the process just described, z,, Zpn—1,..., Zp41 aT€ DEVEr
substituted into the p first equations. So, the last p steps of the canonical resolution
of the system above are done within the subsystem corresponding to A, which is
therefore canonically invertible.

(ii) Let ¢ € I such that h(7) = 0. Then by (2.1) a;; = 1 and a;; = 0 for j > 1.
Hence (2.1) holds for A and B. Now suppose that h{i) > 1. If i > p+ 1, then
n(i) = np(i) > p+1, so that a;; = 0 for j > np() and (2.2) holds for D. If ¢ < p,
then n4(i) = oo or na(i) = n(i) < p; thus in both cases a; = 0 for § > na(i)
and (2.2) holds for A. O

Lemma 4.2. Let M be an n by n invertible matriz over a field K and v € K™*1.
Suppose that M has a height structure of height < { and that M is canonically
invertible. Then each solution to the system M(xzy1,...,z,)T = v is of the form
biyi + -+ + bnvn, where the b’s are of inversion height < £ with respect to the
entries of M.

Proof. If £ = 0, the system is by (2.1) of the form z; = — 37, ; mi;z; + ;. Hence
each solution z; is of inversion height 0 with respect to the m;;.
Suppose now that the height structure of A is of height ¢ = max{h(i)|i =
1,...,n}; then ¢ < £. Suppose first that 1 is the only ¢ such that h(i) = £'.
X ... X
Put M = : , where M' is the square of order n — 1. Then by
X M
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Lemma 4.1, M’ is canonically invertible and has a height structure of height < #/—1.
By induction, each solution zs,...,z, of the system Z?:2 Mi;T; = Y — My,
i=2,...,n,is of the form z; = 2?22 bij(v; —mj1x1), where the b;; are of inversion
height < ¢ — 1 with respect to the m;;. Then the remaining equation is written
E;-L:l miiZ; = Y1, that is

n 7
mii1xy + Zmlj Z bjk (Ve — Mp11) = 71

=2 k=2

This is rewritten as

mi ~ g my bipmer | o=y — _S_ mi;bie Ve
J.k Ik

Hence z; is of the desired form, since its coefficient is invertible (3 being canoni-
cally invertible) and its inverse is of inversion height < ¢ with respect to the m;.
Going back to the z;, we find that they are also of the desired form.

We look now at the general case. Let h(i) = £/, with ¢ maximum. Then we write
M = (g g), with A, D square and where the i-th row of M is the first row
of D. Then, by (2.2), B = 0. Then applying Lemma 4.1 and induction, we may
conclude.

Now, the proof of Theorem 2.2 ends as follows: let (A, M,~) be a minimal
representation f with M canonically invertible and having a height structure of
height < £. Let (f1,..., fn)T = M™'v. Then the f; are solutions of the system
M(z1,...,2,)T = . By Lemma 4.2, they are of inversion height < £ with respect
t0 Dg(X). Hence sois f = Aifi + -+ Anfn.

5. Concluding remarks

5.1. The inversion height can decrease by extension of the field of scalars. Indeed,
let f=%(z+iy)~* +i(z —iy)~' € C<LXP. Then f is of inversion height one with

respect to C<£X}. It has the minimal representation <(1, 1), (:c "EW - 933}) ,

(%;) ) , hence also the minimal representation

(o (¥ m) () (o Lo (e ),
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(G 2)GR))= (005 2)6G))

This shows that f lies actually in R<X} and that f = (z +yz~ly)~ .

Now suppose that f has inversion height 1 with respect to R<X}. Then, we may
extend R to a field D containing R as a central subfield, and infinite dimensional
over its center (use ex. 3 p. 502 of [7]), such that there is no square root of —1
in D. Then f has inversion height 1 with respect to Dy(X). Arguing as in the
proof of Theorem 2.1, we find that for some invertible matrices P, () over D, one

has that some coefficient, (1, 1) say, of the matrix @ (_xy i_) Pisequal tou € D.
Let ¢ = (Z Z , P = <: g) We then find v = aza — bya + ayy + bxry

holds in Dy{X), where u,a,b,c,d,«, 5,7v,6 € D. Hence v =0, axa + bzy = 0 and
ayy — bya = 0, because ¢ # y. Then we must have aa +by =0 and —ba+ay =0.
If a # 0, then o = —a~'by, hence ba~'by + ay = 0; we cannot have v = 0,
otherwise o = 0 and P is not invertible; hence ba 'b+a=0= (ba )2 +1=0, a
contradiction. If a = 0, then b # 0 since @ is invertible, and we find y = a =10, a
contradiction. This shows that f has inversion height 2 n R<X .

5.2. Except for the characterization of inversion or star height {Theorem 2.2 and
Theorem 3.1), and the key Lemma 3.4, most of the results of this paper have a
counter part in the boolean case {rational or regular languages; there are however
no logical implications between both results). For example, this is the case for
Theorem 2.1: the language of paths in a complete directed graph with n vertices
has star height n ([21], [5] Cor. 6.1). The situation is however quite different here,
since the minimal automaton of a raticnal language does not reflect its star height:
one can find a regular language which has a left minimal antomaton of cycle rank 2,
and right minimal automaton of cycle rank 1 (see [6] p. 270). T suppose that one
can also find languages both of whose minimal automata have cycle rank strictly
greater than their star height.

The boolean case suggests that one can find elements of the free field on two vari-
ables, with arbitrarily large inversion height (cf. Dejean and Schiitzenberger [11}),
and that one may try to compute the inversion height, at least the absolute star
height, i.e. when the ground field is algebraically closed (the decidability of star
height for rational languages has been established by Hashigushi [17]).
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