L
B

M. Lothaire

Mots

Mélanges offerts a
M.-P. Schiitzenberger

HERMES



DIMENSIONS AND CHARACTERS OF THE DERIVED
SERIES OF THE FREE LIE ALGEBRA
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ABSTRACT. — For each n and p, the symmetric group 5, acts on the homogeneous part
of degree p of the n — th term of the derived series of the free Lie algebra. A careful choice
of 3 Hall basis together with the use of JOYAL's theory of analytic functors allows to give
focmsulss for the dimensions and the characters of these representations. They are obiained
by plethystic iteration of the representations corresponding Lo the partitions (1.p=1).

1. — Bases of the free Lie algebra

Let A be a set (called alphabet) and Q(A) (resp. L£(A)) depote the free
associative (resp. the free Lie) algebra generated by A over Q; the algebra
Q{4) is also the algebra of noncommutative polynomials in the variablesa € A,
or the tensor algebra

T(V) = P e

1 =il

;]:.:?ﬁr is_thl‘ vector space with basis (1 It is known that C{A) may be
hed with the Lie sub-algebra of Q(.1) (with usual Lie bracket [P, Q] =

~UP) generated by the elements of (1 (see [2] or (4], ecor. 5.3.9).

stri::u:r:{'ﬁ denote the free magma over 1. that is, the free monassociative
ity generated by 4 : each clement of 4 may be viewed as & complete
the leagy :t“'hm leaves are labelled in A; more formally, M(A) 15 dEﬁr“d 3

containing A, and containing (u, v) for each u, v in M(A). Figure 1
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shows an element of M(a.b) in the twO forms.

= {{EI.{_['b. ﬂ}la:l}| I.br EE‘1 I'.'.tj}}

Fig. 1

Let > be a total ordering of M(A) satisfying

(1) Yu,ve M(4), (u,v) > >

In other words, each tree in M(A) is greater than its right subtree, One defines
recursively the Hall set H relative to this order as the union of 4 with the set
of trees of the form (u, v), with w,v in H and : either u € A or v = (r,y) and
2 #'y. This Hall set H allows to define a basis of the free Lie algebra in the
following way : let 8: M{4) — £{A) defined by #(a) = a for any a € A, and
Bl{uv)) = [Blu).8(v)]. In other words, interpret the (nonassociative) product
of M(A) as the Lie bracketing. Then @(H) is a basis of £(A) (see 6], [4]
ex- 543, {7 th. 1.2; these bases are more general than the Hall bases of (2])-
Moreover, the elements 9(h), with h € H, are all distinct. Note that 8(u) is an
homogeneous palynomial of degree equal to the number of leaves of u, and that

deg#((u, v)) = deg Bu) + deg d{v)

2. — D'El'i\'ed Series

The derived

defined by series of L(A) is the decreasing sequence of Lie ideals of £(A4)

cn = .i:[A]I,

for any integer p > {
3 > 0. We

of M{A), and considerin
Define, for 5
applicationy af

Lovr = [Lal4), La(A)];

kive a basis of each £,,, by choosing a certain ordering
B the associated Hall basis.

n : .
l!;u;ﬂ:: 'ln M{A), its level (or Strahler number; see [8] for
AUSHC on trees in combinatorics, computer SCiEnce:

!

- ..
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4rogeclogy and molecular biology) by the following rules :
by
lta} =10 il ae A;
l[l[u,tr}} =lu)+1 if Nu)=1lw);
1((u, v)) = sup(Mu),1(v)) if 1{u) # o).

hat the two last rules may be written as

{{u,v)) = sup(l(u),1{v)) + &(I(u),1{v))

Note t
(2)

(Kronecker &).
[t is easy to verify that

lfw)=n = Hw) €L,

Note that 1({u,v)) = 1{v). There exists a total ordering of M(A) which is
compatible with the level, that is,

(3) Wu) < lv) = u<v
and
(4) (u,v) > v

Indeed, first order separately each set M, = {w | [{w) = n} ina way compatible
with the number of leaves, and then extend these orders to M {A) suc‘tt that
u€ M, and v € M,,,; = u < v. Then condition (3 wi_ll be clearly sat_lslf::edi,
and for condition (4) ; either 1((u,v)) > l(v), so (4) s satisfied or 1(u, v} = lv),
in which case (4) is also satisfied because {u,v) has more leaves than v.

Define now H,, to be the subset of H of trees of level > n.

Tuéorkme 1. — The set 8(H,,) is a basis of La.

This theorem extends remark 111 1 of [6], and we use ideas of p
of the same article.

roperty 11 1

: i ite. Moreover, we
Proof. — Tt is enough to prove this result when A lﬁ;::'{m et 1)

May identify h and 6(h), for h € H, because B

We write I(P) for 1(h) when P = #(h). PQ|isd
is

d L— We show first that if P, @ in H are o |E‘-"; iﬂ‘eégnnlg CaE

lineay combination of T's in H with degT = et

“U{p,q) + 8(p, q) b
1 1 £ ; whﬂ]_'e ] 5E
We use induction on the couple (degFP + ‘!EEQ" mf-{dpfxﬂ @ =4d and
“uples are ordered by : (', K') < (dy ) if @ther

__‘
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_ : Iy a finite number of (P oy o
A is finite, there arc oni) / Q) with
R > R). As 4 and inf(P'.Q") > R : indeed. there are only 4 finite

dq;i:ddﬁ1 lzmt‘-* with a prescribed number of leaves. Hence, the inductioy
]

15 oofrect. i

\We mav suppose that P> Q. I P € Aor P = IR, S] with § < Q, then
iP.Qi € H et we are done by definition of the level (cf. (2)).
" We may thus suppose that P=[R.S] with R,5 € H and R > § > Q. Ty
imples p # ¢ indeed ifp=g.asr 282 g (as B> 5> Q; small letters

isdicate levels), one has by definition of the level :
p=r+birs) = sz2q=p= r+8(r,8) > s+ 8(r,s),

kence we have equality everywhere, that is, 7 = s and s > 5+ 1, which is a
coatradiction.
Now, we have p > g and r > s > ¢. By Jacobi's identity

[P.Q] = (IR 51.Q] = [[R,Q]. 5] + [R,[S.Q]].

By the induction hypothesis
RQI=% adi; 15.Q =3 8B,;

whete A, B, € H and a, > r+5(r,q), b, > 5+8(s,q), deg A, = deg R+degQ,
deg B, = deg S + deg ). We may apply induction to the brackets [4;, S] and
[R.B,| becanse deg A, + deg § = deg R + deg Q + deg § = deg P + degQ and
deg R +deg B, = degR + deg § + degQ = deg P + deg Q, inf(A,,5) > @
(becanse § > () and either a, > r = A, > R > Q or a; = r, hence
Hrg)=0=r>qg=a >q¢= 4 > Q) and finally inf(R, B;) > €
(becanse R > Q and either b, > s = B, > § > Q or b, = s hence
Hog)=0=a>¢28,>92 B, >Q)
We obtain

4.8 = Z‘ntck i IRB) = ZE_,iD: ;
k i

;f[:‘m;;ht Cy.Dyare in H and of degree deg P + deg Q, with ¢ > suplai, ) T
r :F; :.d: = l“pl".'_'b” + 8(r.b,). As P is of level p, we have either i
i }a-;r—_l, or{ii) r = p > 5 In the second case, we have a; = T hence
Filey o P8 di 21 =p In the first case, either a, > 7 = ¢k Z 8 2
" p"JIa‘Er:ai:"r:-!:)C*Eﬂ‘-l-l:p;mﬂ]‘@ﬂ"'efrﬂ‘hﬂr

pob<sab=s=r=>d2btl=F

:;:1';:'(?&’ Tiil=
v L and Dy are of level >p= Sllpfp. li'] + &(P* q}v which ends the

inductioy step,

'h-___

e
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e know by section 1 that H is a linearly independant set, hence it
2 ugh to show that H, generates L,. This is, for n = 0, simply the fact
is en'i’q _ H is a basis of £{4) = Lo. By bilinearity of the Lie bracket, and by
that _:; g, L1 is generated by the elements [P,Q] with P,Q in H.. By the
jaducty 1of the proof, this implies that L., is generated by the Amente T

t
-ﬁﬁ;f with I(T) = sup(m @) + 8(p, q), where p=1(P), g = {Q), and P.Q € H,;
::m Tyzn+t 1, hence £, is generated by Hp, ;.
a will be needed in the sequel of this paper. It gives a precise

ext lemm
et Hall trees associated to a order on the free magma which is

description of the
compatible with the level.

Losa 1. — Letn > 1 and h a tree in M(4). The following conditions

gre equivalent
(i} h is a Hall tree of level n.
(i) There erists k > 2 and k Hall trees hy, ... of level (n—1) such that

h= (- ((hy, ha), ha),- - i)

and hy > ha, hy S hg < -0 < b
This result is directly inspired of Schiitzenberger’s 'déco{npnsitipn normale
gauche" of [6]. Figure 2 illustrates the Lemma. Note that in particular, Hall

trees of level 1 are precisely described : they curreﬁp-clrnd to the case where the
h.s are simply elements of A, with the inequality as in Lemma L.

Fig. 2: 8 Hall tree of Jovel 1



176 € REUTENAUER

Proof. — (i) = (i) ,
As b is of level > 1, h is not in A. Hence h = (K. hi) where h',h, ¢ g
' > h; and either hedorhe€ {u,t_.'} wlfh v = h{;‘, Then I(#) > I(h,) '-'-'ill-;
equality caly if IA) = l(he) = n = 1: in this case: (ii} l_'ulluwg with k = 2 apg
4, = A", If there is strict inequality, then # = 1(A") > 1(Ax); by induction (op
the number of leaves), there exists k > 3 and Hall trees Ay, . . &y, of level
< ht"l and h' = {- ; '{h!‘h:]“'whk“]_}

n = 1 such that hy > hoy iy £ -
Heace & = (- (A hade- o Pt ) Be) = {{u, he-1), he). By definition of Ha

trees, he—1 € fe.
We know that m > I(Ae). If we had n — 1 > I{hy}, then I(Ay) < I(h;_,) =
hy < hy_y, which is a contradiction. Thus n — 1 = I(hi) and (ii) follows.

(i) = (i) (induction on k).

If k = 2. then either hy € A, hence l(h)) = 0 = l(hz) and h; is also in 4,
ot hy = (u,v), with v of level n — 2 by the first part of the proof; in this case
¢ < ho because I(hy) = n = 1. In both cases, (A;, Az) is a Hall tree of level n.

Ifk > 3 then & = (++«(hy ha),.... hp—y) is a Hall tree of level n, by
induction on k; as h = (A',hy) with I(h") > I(hy) hence h' > hy, and
b = (h" he—y) with hy_y < he, A is Hall tree of level n.  []

3. Analytic functors

Analytic functors were introduced by A. Joval [3], in relation with the
m_mbina!uriaj theory of species of structures. We need here the linear aspect of
this notion, called “tensorial species” by JovaL. As noted by him, analytic
functors are an extension of the polynomial functors of MacpoxaLp [5]
(Appendix to chapter 1). We shall reeall here all the properties we need. The
proofs may be found in the two cited papers, or are slight extension of these.

Lﬁlﬂv be the category of vector spaces over Q (or any field of characteristic 0).
. g’ be a sequence of finite dimensional spaces, such that the symmetric
ﬁ;.'f‘by“ acts on the left on A,. If X is in V, then S, acts on the left on
-l ~.-:'l!n) =Ly-1)yr Tg-ifn)-
Henee S, acts on A, @ X&n

For a i
Sorl g;ﬁup G acting on a vector space A, denote by A/G the quotient space
the relations a =g - ¢ (g ¢ 4 7€)

An analytic funcior | :
i iiﬂmurpfhl;s mt;:rr i a function F : y — y of the form (defined up o

{3)
FfX] = @{An @ X@n}fsn

ngu

&

__—"ﬂ
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i f X - Y is a linear mapping, then F(f): F(X) — Fry
ﬁ t:nppmg naturally induced by the mappings id & f{”" 1: Aﬁ? A]{ i the
407"
pemark. — I. G. MacponaLp (5] defines a polynomial functor 1o be 5

sotte 1 Vo X ¥ (where Vy is the category of finite dimensional vector
u ) such that the mapping F : Hom{X,Y) — Hom(F(X),F(Y)) is a
enomial mapping, for any XY in V.

) hows that then there exists for each n an 5, -space 4. such that

He sl
) F(X) = (40 ® X%
nz0

Now, there is a functorial isomorphism
AY — AfC

whenever (3 is a finite group acting on a vector space A (a variant of MascHkE's
theorem). Hence, each polynomial functor, in the sense of [5], is an analytic
functor, in the sense of [3]. The terminology is somewhat misleading, because
the polynomial case does not correspond to the case where the sum (5] is finite :
actually, it may be shown that (3) is a polvnomial functor in the sense of i3l
exactly when for some N, the irreducible representations occurring in the Aq
correspond to partitions whose parts are all < N.

It is useful to note that if F an analytic functor, then F = 5, Fn, where
F, is its homogeneous part of degree », and each F, is a polynomial functor
{in the sense of MacponALD). Conversely, if for each n, Fy is a polynomial
functor, then 3°, F), is an analytic functor.

The representations A, of S., called the coefficients of F. are unique. The

mdicator of F is the series in Q[lx1, 22, coryEra ]

1 xtf)
Zp = Z = Z x,,(:r}z,=zm

nzl eES, i

“hete the second sum i iti with the following notation -
nd sum is over all partitions [, wi i the B

Xn iﬂ lhE f_‘ha]-act - :
| er of the S,-representation An: To 3 :
lrliz;: "oz when [ is the I:&:tition 1m24a,, . n'andoa pennutatl‘)“‘u:*:;};::;
skl and aut(f) = 142 . omteay! - dg! S the cardinality of the ¢t
:; X is the “global” character of the sequence of Sa-Spaces {-"":'r“ndmp"_
Ole that Ze determines uniquely the S,-spaces An henci'h:: (e “constant
resuly of [3] is that if F, G are two analytic functors such t

term® of o -
15 2ero, f.e, Ay = 0, then

zGoF = ZG{Z.F]

__dﬁ
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ght member is phethysiic substitution, that is,
f

where the
ZalZr) = Za(Z1. 22y o1 Birni)

TR )
( an analytic functor is the one-variable series

dim A,
=3 al S

a0

with Z, = ZFlFan T
The generafing series o

Hence gr = Zp(2,0,-.., 0,00 )

The characteristic symmetric funetion x(F) of F is defined in the following
wav - lake X aspace with a denumerable basis a;, @z, ..., @4, .. .; then this basis
defines a multi-graduation of each X", which is inherited by F{.X). Denote
by , the dimension of the homogeneous component of F{X) of multidegree
(1) = (F2, 02, 0o sdses .). Then the characteristic symmetric function is

x(Fy= Y aqzleaio

()=(10om biees)

If A, is decomposed into irreducible representations {with a; = the multiplicity
of the irreducible representation corresponding to the partition f) then

X(F) =3 arsy
i)

where s is the Schur function corresponding to I. Another important formula
relates characteristic function and indicator :

X[F]: ZF{P!-PE--*uPJ.-r---}
whete p,, is the power sum Pn = Elxlﬂ_

Examples of analytic functors are given below.
1. The tensor algebra
T(X) =P xe.
: nz0
‘I‘IEI;:-Ei:Ln;f TEEE‘FEWS are the regular representations of the symmetric g.-.z;:ps
: cator is 1/(1 - 1,) and the characteristic function is (1— 5i %)™ -
- The symmetric algebra

S(X) = Pia e x7)/s,,

nalj

_f

s
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acts trivially on Q, t.e. the coefficients are the trivial : )
wher® = oris exp(X sy Tifi) = Lar/aut(l) = 1 TEpresentations.
dicator i8 €XP(2i>1 ; 25, e
.;haﬁctﬂristic function is [[;5; 1/(1 — =) A

3. The exterior algebra
AX) = Plen @ X258,

nz0

here he coefficients €, are the alternating representations. The indicator is
:ﬁpiz H{_”.—lziﬁ} and the characteristic function is [],.,(1+z,).
1. (JovaL (3]) The free Lie algebra on the vector space X
L(X) = P L. o X7)/s,

n>0

“th indicator series
with in . s
2 T

1<d|n
(with g = the Mobius function) and characteristic function
Y apEepeese
=l st

where the o' s are defined by

1 1 ajap
s v | e

:Nﬂte that in these examples, only the exterior algebra is polynomial functor
i the sense of MacDONALD :

— AX) is finite-dimensional for any finite-dimensional X, but

—T(X), ${X) and L({X) have infinite dimension as soon as X #£0.
now (it contains

An important class of analytic functors will be described now
infinite alphabet

:lr:dtl_;:e Previous examples). Let 4 = {ai,. +\@ny -} be an
a subspace of Q(A) such that

For any algebra endomorphism ¢ of Q(A} satisfying
Va € A, ¢(a) is homogeneous of degree I
one has ¢(F) C F.

{*)

We : d'.mmsil:m!]
define 5 functor in the following way : first let X bea Fu1e perates X.

‘ then there exists a mapping @ : 4 — X such that a(A) &

___.-“
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There is & unique extension of a 1o 2 mapping @ : Q(A} — T(X), and we
define F(X) = alF) ;
Becaase of (*), a(F) does not depend on a subject 1o the sbove generating
condition. If X is ap artitrary vector space, it is the inductive limit of its finjte
. om e s i F(X)is by -dg_lﬁnltl_t'.rﬂ the inductive limit of 1he
subspaces F(X,) (it is naturally embedded in T{X)).
this way is analytic; this may be verified a

The functor F defined in :
foliows - write F = @, Far where each F,, is the homogeneous componen;
of degree n of F. with the usual degree on Q{A}). To each ¥, corresponds

a funcior F, and we have £ = %, £,. Each functor F, is polynomial ip
the sense of MACDONALD, berause the induced mapping F, : Hom(X, V) —
Hom(F.(X). F.(Y ) i polynomial for any finite-dimensional spaces X Y (see
the remark). Now, as F, preserves inductive limits, F, is analytic and F, as 3
sum of homogeneous polynomial functors, is analytic.

The coefficients of F are easily described : let Ay be the subspace Fn E,,
where E, is generated by the n! words a,(y,.. .1 8s(n), @ € S,. Then A, is
paturally an §,-space (because of {*)), and these A, are the coeficients of F.

Similarly, the characteristic function of F' may be described in the following
way : for a mulli-index (f) = (t.42,... 0g, ... ), let E, ) be the subspace
of Q(4) formed by the homogeneous polynomials of multidegree (i). Define
o, = dim( E, N FI.

Then

WFY =3 ot -t o

1o}

We need 1o generalize slightly this class of anatytic functors. Let G, F be
subspaces of Q(A) both satisfying (*), and such that G € F. Then one has a
natural embedding G(X) C F(X), for any space X. Then the functor

X — F{X)/G(X)

:s analytic (similar proof as above), Its coefficients are the S,-spaces ..-l.,j’B_.
t::f;m ﬁ&ﬂﬂ are the coefficients of F. G) and its symmetric function i
= xilr).

4. - Dimensions and characters of the derived series

W .
Le: T}l?{lhﬂ previous section o the situation of section 2.
= {8y, ap, -+ ) as i soct . - 41 to be the
neth term Gn as in section 3 and define Fo = LalA)
conditice (f:l; ::I!' derived r:uerws of the frev Lic algebra £ A“:I. It is clear that the
the Lie algebra Tﬂm" 3 is satisfied. becanse the homomorphism @ of (*) sends
which is the n.1||m“ self. Hence we obrain an analytic functor X — La(XD:
: term of the free Lie algebra over the space X.

;

R
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cular, Lo(X) is the free Lie algebra, whose indicator is o
series is simply -

9L, = Z% = Iﬂg(i%l-_)

, € £, we may define, using section 3, an analytic functor

F.(X)= L‘ﬂ[X”LnH{.r}.

gﬁh,:ur: [ts generating

As we have Ln+

= X, i.e F, is the identity. There exists a remarkable

It is clear that Fo(X)
F.,, which is our main result,

~onnection between F and

TuéoREME 2.
(i) The indicator of Fy is

Zp, =1+ |:$1 —1}EXP(Z ﬂ)

izl

Its characteristic function is

XEFI:I-'—F Zsl.n—l:

nzxl

the sum of all Schur functions corresponding fo partitions (1,n — 1). Its
generating series is

g =14{z-NE =y ——a"

nz2

(i) The functor F, is equal to the n-th composition of Fy with itself
F.=F™.

Equivalently, the indicator (resp. the characteristic function) Fu is the “n?

Pethystic substitution of Zg, (resp. x(F)) into itsef. In particular, g£, = 9F,

() A basis of £, mod £ is formed by all the Hall polynomials

[lﬂl: 1“!;1-'1-.1]1 x ']1'11-1
wima 1; we order

WhE>2 4 sy < : 1 and LE
L R P T e | [mﬁTﬂﬁDEEMB an ! |
A naturally) A1) these Hall PDizi'::omials are homogeneous With ’:;'::; ::af
: - By the description in section 3 of x(Fi). we thus

x(F) = D mi T

I
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ere the sum i extended 10 all i; satisfying the above condition. By, y;
w i
- v savs that
condition Smpl) i

I;z 1‘2 iws jk
by [3] {1.5.1.2), we obtain that x(F\) is the sum of
ing to the shapes {(1,n—1},n > 2. In order to obt ill
1he indicator, we have just to compute the corresponding characters of § Bm 2
it is well-known that the natural representation of 5, is forn > 2 the Sum':;;[ l];"
wrivial cae. and the one corresponding to the partition (1,n ~1}: call the latteﬁ
4. (and these A, are the coefficients of F1, by the beginning of the proof). Let
¥ desote the functor whose coefficients are the natural representations of §_-
recall that 51.X) denotes the symmetric algebra, the functor whose ﬂﬂiﬁﬁt‘i:enE
are the trivial representations of Sy, We have seen that 1 + N = Fy + § hence
1= Zy = Z, + Zs (the correcting term I corresponds to the symmetric group
5).
The indicator of S is

Zw(S%)-T T =

121 nz0oE S,

i 2 Young tableau. Henee,
Schur functions correspond

But the indicator of N is

Z=Y ¥ o)

n>0gESs,

_;hm ay() is the number of fixed points of o, which is the exponent of 7,
z.. Hence
d
z,-.r =5 —(fz) = ﬂ A
i neo(S )
Thus we have =

ZFI=I+ZN-2$= I+ (x —IJE’CP(E?)‘
121

erating fumeti :
& function of F} is obtained by putting z; =, T3 =T3=""" =

() We have just 10 show that

The ges

= XFair) = x(Fy) [x(Fa)],

the brackeis
:ff:‘ ) 8 the sum of :Ilrac?x:lﬂhﬁfn of symmetric functions, By THEOREM .
T With Liyyy, im Mutative images of Hall trees of level 1. Thi;{;ﬁ
al !'

medi g :
ately implies the last relation, once is rec

T -
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sim of symmetric function : if S(z1,..., Zn,...) and T are symmetric func-
b nnnnf'sﬂﬂ'“f coefficients, then write T' = E‘:! m, for monomials m
pysm ST of T'in § is the symmetric function S(m, m, ... 0

thy
- ac Wil
Then the Plﬂ

: The functor “free Lie algebra™ is the
ROLLAIRE: } : sum of all the
an-mﬁm powers of the funetor Fy(X) = Li(X)/L( X).

Proof. — There is an isomorphism of vector spaces

C(A) = €D £nlA)/ Lnsa(4)

n=0

which implies & functorial decomposition

Lx)= Y Fa(X) =Y (FM(X))

n>0 nz0

(the last equality by th. 2). [

Remark.

One obtains similar results for the indi
free Lie algebra. In particular, its generating series satisfies the rather curious

refation | i
ou =os(25) = Zof

hzu

cator and characteristic function of the

¢*. P. LEroux pointed out that this

and gr, = ¥ona (k= 1)/R1)2* = 1+ (z-1) ! cutisfies the Functional
satisfies the func

last relation is equivalent to say that y = log(1 — %)~

equation
pibiin
y@) =z +3(X 5 )
n2d

=z+y(l+(z- 1)e*),

which is indeed true, as is immediately verified. Similarly. L(X) satishies the
functional equation
L(X) = X + L{F(X))-

See [1] for similar functional equations in the theory of species.
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